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We present a set of equations describing the electro-optic detection of terahertz electric fields that is easy to use
and that is applicable to all optically isotropic detection crystals. This set of equations can be used for every
possible propagation and polarization direction of the probe beam and for arbitrary direction of the terahertz
electric field. Due to its wide applicability, our results are very suitable to describe complex detection geom-
etries, as are, for instance, found in terahertz microscopy. Our results are in excellent agreement with pre-
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1. INTRODUCTION
Since the development of terahertz time-domain spectros-
copy, electro-optic detection has become an increasingly
popular way of measuring both amplitude and phase of
terahertz radiation.1,2 Electro-optic detection is used in
various applications, such as spectroscopy,3,4 imaging,5

tomography,6 and microscopy.7,8 In electro-optic detec-
tion, a terahertz electric field induces a birefringence in a
detection crystal. The polarization of an optical probe
pulse that travels through the crystal changes due to the
change in birefringence.9 This polarization change is
proportional to the terahertz electric field. This phenom-
enon is based on the second-order susceptibility of the
crystal and is called the electro-optic effect. After the
probe beam has traveled through the detection crystal, it
is split into two beams with a polarizing beam splitter. A
signal proportional to the terahertz electric field is then
obtained by measuring the difference in the powers of
both beams with two photodiodes.

It is obviously important to have detailed knowledge of
a technique that is so widely used as electro-optic detec-
tion. A detailed and complete description of this process
can help experimenters optimize the detection sensitivity,
can increase physical insight, and can make it possible to
model complex processes, such as electro-optic near-field
measurements.8 In the literature, a number of papers
can be found that provide valuable insight into the
electro-optic effect but that do not extend their analysis to
electro-optic detection.10–13 Other papers describe
electro-optic detection,14–16 but the different approaches
used in these papers each have their own disadvantages.
In the papers of Planken et al. and Chen et al., the
electro-optic signal is calculated for a few distinct propa-
gation directions of the probe beam, but no expressions
are given for a general propagation direction.14,15 The
paper by Duvillaret et al. can be used for arbitrary probe
propagation direction, but presents a figure of merit in-
stead of the electro-optic signal.16 Therefore the descrip-
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tion of electro-optic detection given in this paper is not
complete and provides little quantitative information.

This paper gives a full description of electro-optic detec-
tion and shows the dependence of the detection process on
the directions of the probe propagation, the probe polar-
ization, and the terahertz electric field. Since these di-
rections can be chosen arbitrarily, our results are widely
applicable, even for complex geometries as are found in
terahertz near-field measurements and in terahertz
microscopy.8 Our approach is independent of the tera-
hertz propagation direction, which makes the theory ap-
plicable to both collinear and noncollinear situations. We
assume that the optical probe pulse experiences a con-
stant terahertz electric field, but the scope of the equa-
tions can be extended to varying electric fields by simple
integration. The end result of the calculation is a small
set of simple formulas, which are easy to use, which can
help an experimenter find the optimum configuration for
his particular application, and which provide valuable
physical insight. All the relevant vectors in our final for-
mulas are expressed in the coordinate system formed by
the crystallographic axes. All values can therefore be
substituted directly into the equations without the need
for time-consuming coordinate transformations. Our cal-
culation is valid for all optically isotropic materials, so it
is applicable to a large number of electro-optic detection
crystals, for instance, ZnTe and GaP.

2. CALCULATION
In this section, we derive a simple formula describing
electro-optic detection for arbitrary propagation and po-
larization directions of the probe and for arbitrary size
and polarization direction of the terahertz electric field.
The calculation is split into three parts. First, we calcu-
late the effect of an arbitrary, terahertz electric field on
the optical properties of the detection crystal in Subsec-
tion 2.A. The calculation of the corresponding refractive
2004 Optical Society of America
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indices and orientation of the refractive-index axes, both
induced by an arbitrary terahertz electric field, is given.
Second, Subsection 2.B continues with a calculation of the
electro-optic signal, where the refractive indices and the
direction of the principal refractive-index axes are as-
sumed known. Third, the results of Subsections 2.A and
2.B are combined into a general solution for the electro-
optic signal in Subsection 2.C. All equations presented
in this work are in Système International (SI) units.

A. Calculation of the Terahertz-Induced Birefringence
In a birefringent crystal, there are generally two polariza-
tion directions for which a linearly polarized, plane wave
is a solution to Maxwell’s equations. Following Yariv, we
call these two linearly polarized plane waves the propa-
gation modes of the crystal.17 A beam that is polarized in
any other direction will experience a polarization change
while traveling through the crystal. Each mode is char-
acterized by a refractive index and a polarization direc-
tion. The polarization change occurring in a crystal of a
certain thickness can be calculated by decomposing the
incident wave along the polarization directions of the
modes, propagating both modes through the crystal using
the appropriate refractive index, and then adding the two
modes to get the polarization at the end of the crystal.
Such a description is also valid in electro-optic detection,
where the birefringence of the crystal is caused by the
terahertz electric field. We calculate the modes for the
electro-optic detection crystal for arbitrary terahertz elec-
tric field and for arbitrary propagation direction of the
probe beam.

Yariv provides an equation for the refractive indices
and polarization directions of the two propagation
modes.17 This equation is derived directly from Max-
well’s equations, and it is valid for all media in which
there are no free charges and currents, and which are
nonmagnetic (m 5 m0). The equation that defines the
polarization modes is given by

D0i 5 ni
2«0@E0i 2 ~ ŝ – E0i!ŝ#, (1)

where D0i is the electric displacement vector, E0i is the
electric field vector, and ni is the refractive index, all cor-
responding to the ith polarization mode of the probe,
where i P $1, 2%. The propagation direction of the probe
is given by the unit vector ŝ 5 (sx , sy , sz). In this pa-
per, we use a hat ( ˆ ) to indicate a unit vector.

Equation (1) gives us the propagation modes of a crys-
tal. However, the birefringence that is produced by the
terahertz electric field still has to be quantified. For this
purpose, we need to relate the electric-displacement vec-
tor D0i to the electric field vector E0i with the dielectric
tensor. The values of the dielectric tensor of a nonlinear
crystal in the presence of a terahertz electric field are
given by

« ij 5 «0S d ij 1 x ij
~1 ! 1 (

k
x ijk

~2 !ETkD , (2)

where « ij is the element of the dielectric tensor on column
i and row j, and d ij is a Kronecker delta. The permittiv-
ity of free space is «0 . x (n) is the susceptibility of order n
and ET 5 (ETx , ETy , ETz) is the terahertz electric field
in the detection crystal. Note that the electric field in the
crystal differs from that in air or vacuum.

We use the fact that we are investigating optically iso-
tropic materials. The only optically isotropic materials
that exhibit an electro-optic effect and thus can be used as
an electro-optic detector are crystals with a cubic symme-
try of the classes 23 or 4̄3m. The first-order susceptibil-
ity of these crystals is not directionally dependent, so it
can be written as

x ij
~1 ! 5 ~«r 2 1 !d ij , (3)

where «r is the relative permittivity of the crystal. Using
the symmetry of our crystal, we can also simplify the
second-order susceptibility tensor. For this purpose, we
use a coordinate system that corresponds to the crystal’s
main crystallographic axes. The x axis of the coordinate
system is the (100) axis of the crystal, the y axis is the
(010) axis, etc. In this coordinate system the second-
order susceptibility of a cubic crystal is given by

i Þ j Þ k ⇒ x ijk
~2 ! 5 x~2 !, (4)

otherwise ⇒ x ijk
~2 ! 5 0. (5)

When we use these symmetry arguments on Eq. (2) and
write the result in matrix format, we get

«% 5 «0F «r x~2 !ETz x~2 !ETy

x~2 !ETz «r x~2 !ETx

x~2 !ETy x~2 !ETx «r

G , (6)

where (ETx , ETy , ETz) are the components of the tera-
hertz electric field with respect to the crystal axes.

Using Eq. (1), together with Eq. (6) and D0i 5 «% E0i ,
we get a matrix equation that determines the refractive
indices with the corresponding axes:

F «r x~2 !ETz x~2 !ETy

x~2 !ETz «r x~2 !ETx

x~2 !ETy x~2 !ETx «r

GE0i

5 ni
2F 1 2 sx

2 2 sxsy 2 sxsz

2sxsy 1 2 sy
2 2 sysz

2sxsz 2 sysz 1 2 sz
2
GE0i , (7)

where i is 1 or 2, and n1 and n2 are the refractive indices
when the polarization of the probe is along, respectively,
the E01 and E02 vectors. The components of the unit vec-
tor in the probe’s propagation direction ŝ are indicated by
sx , sy , and sz in the coordinate system formed by the
crystal axes. The unit vectors along polarization direc-
tions of the two propagation modes are given by

r̂ci [
E0i

iE0ii
with i P $1, 2%. (8)

We define the difference between the refractive index
with, and the refractive index without, the terahertz field,
as Dni [ ni 2 A«r. For sufficiently small Dni , we can
make the approximation

ni
2 5 ~A«r 1 Dni!

2 . «r 1 2DniA«r. (9)

We can use this to rewrite Eq. (7) as
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F A ETz ETy

ETz A ETx

ETy ETx A
GE0i

. S A 1 2
DniA«r

x~2 !
D F 1 2 sx

2 2 sxsy 2 sxsz

2sxsy 1 2 sy
2 2 sysz

2sxsz 2 sysz 1 2 sz
2
GE0i ,

(10)

where A [ «r /x (2).
The electric field vector of the probe beam has to be al-

most perpendicular to its propagation direction, if the bi-
refringence of the crystal is very small.18 In electro-optic
detection, the induced birefringence is usually very small,
so it is reasonable to expect that the probe electric field is
indeed approximately perpendicular to the probe’s propa-
gation direction. We therefore expect that the previous
equation will look simpler in a coordinate system that has
one of its axes along the propagation direction of the

probe. We chose the following coordinate system:

x̂8 5 sxx̂ 1 syŷ 1 szẑ, (11)

ŷ8 5 ~2szŷ 1 syẑ!/Asy
2 1 sz

2, (12)

ẑ8 5 @~sy
2 1 sz

2!x̂ 2 sxsyŷ 2 sxszẑ#/Asy
2 1 sz

2, (13)

where x̂, ŷ, ẑ are the unit vectors of the old coordinate
system, which were along the crystal axes. x̂8, ŷ8, ẑ8 are
the unit vectors of the new coordinate system, and sx , sy ,
sz are, as above, the components of the unit vector in the
propagation direction of the probe with respect to the old
coordinate system. The new coordinate system is defined
such that x̂8 points in the propagation direction of the
probe (ŝ) and ŷ8 points in the direction of the cross prod-
uct of ŝ and x̂. From here on, we distinguish between the
two coordinate systems by labeling all matrices and vec-

3
A 1 2ETxsysz 1 2ETysxs

ETx~sy
2 2 sz

2! 1 ETysysx

Asy
2 1 sz

2

2 2ETxsxsysz 1 ETysz~21 1 2sy
2 1

Asy
2 1 sz

2

2 2ETxsxsysz

E

2 2ETx

s

sy
2

tors in the new coordinate system with a prime. An ar-
bitrary vector or matrix expressed in the old coordinate
system can be transformed into the new system (and
back) with the following transformation matrix P:

P% 5 F sx 0 Asy
2 1 sz

2

sy 2 sz /Asy
2 1 sz

2 2 sxsy /Asy
2 1 sz

2

sz sy /Asy
2 1 sz

2 2 sxsz /Asy
2 1 sz

2
G . (14)

Vectors can be transformed with the equation V8
5 P% 21V, and matrices with M% 8 5 P% 21M% P% .

The above coordinate transformation is a valid rotation
of the coordinate axes except for the special case of ŝ
5 $1, 0, 0%. For this case, the transformation is not de-

fined. However, the case that ŝ 5 $1, 0, 0% is, because of
the symmetry of the crystal, completely equivalent to the
cases that ŝ 5 $0, 1, 0% or ŝ 5 $0, 0, 1%. For these direc-
tions the transformation is valid, so the coordinate trans-
formation does not limit the generality of the theory. In
the new coordinate system, Eq. (10) transforms into

where E0i8 is a vector in the new coordinate system that
points along the polarization direction of the ith propaga-
tion mode with a refractive index ni . Note that the
above vector equation comprises a system of three equa-
tions.

Equation (15) seems very complicated, but it can be
simplified. We can make the following approximation:

A [ «r /x~2 ! @ iETi , (16)

which is generally valid for sufficiently small terahertz
electric fields. We first consider the equation formed by
the top row of the matrix of Eq. (15). Note that only this
row contains A. If we neglect all terms in the top row
that do not contain A, we get the following equation for
this row:

2ETzsysx

ETx~sy
2 2 sz

2! 1 ETysysx 2 ETzszsx

Asy
2 1 sz

2

ETzszsx
2 2ETx

sysz

sy
2 1 sz

2
2 2

DniA«r

x~2 !

! 1 2ETzsy~sz
2 1 sy

2!
ETxsx

2 sy
2 1 sz

2

sy
2 1 sz

2
1 ETysy 2 ETzsz

Tysz~21 1 2sy
2 1 2sz

2! 1 2ETzsy~sz
2 1 sy

2!

Asy
2 1 sz

2

x

2 sy
2 1 sz

2

sy
2 1 sz

2
1 ETysy 2 ETzsz

z

sz
2

2 2ETysxsz 2 2ETzsxsy 2 2
DniA«r

x~2 !

4 E0i8 5 0, (15)
1 E

Txs

x
2sys

1
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~A 0 0 !S Eix8

Eiy8

Eiz8
D 5 0, (17)

where Eix8 , Eiy8 , and Eiz8 are the components of the elec-
tric field of the probe. From this equation we get that

Eix8 5 0. (18)

So the component of the probe’s electric field in its propa-
gation direction is zero. This corresponds to a probe elec-
tric field that is perpendicular to the propagation direc-
tion, as expected.

The top row of Eq. (15) is used, but the information of
the bottom two rows is still available. This information
can be written as

Note that the left elements of Eq. (15) are left out. The
values of these elements are irrelevant, since they are
multiplied with Eix8 , which is zero. In this way, the prob-
lem is reduced from a three-dimensional matrix equation
to a two-dimensional eigenvector equation. The solution
of this equation can be calculated straightforwardly. For
the changes in the refractive index, we get

Dn1 5 2
x~2 !

2A«r

~b 2 Ab2 1 c ! (20)

Dn2 5 2
x~2 !

2A«r

~b 1 Ab2 1 c !, (21)

with

b 5 ETxsysz 1 ETysxsz 1 ETzsysx , (22)

c 5 ETx
2 sx

2 1 ETy
2 sy

2 1 ETz
2 sz

2

2 2~ETxETysxsy 1 ETzETyszsy 1 ETxETzsxsz!.

(23)

We also find the following eigenvector, which corresponds
to the polarization direction of the first propagation mode:

E018 5 S 0

2ETxsx

sz
2 2 sy

2

sz
2 1 sy

2
2 ETysy 1 ETzsz

2Ab2 1 c 1 b 2 2ETx

sysz

sy
2 1 sz

2

D . (24)

The polarization direction of the second propagation mode
can easily be calculated by taking the cross product of E018
and ŝ, since the second propagation mode is polarized per-
pendicular to both the first propagation mode and the
propagation direction.

F 22ETx

sysz

sy
2 1 sz

2
2 2

DniA«r

x~2 !
ETxsx

2 sy
2

sy
2 1

ETxsx

2sy
2 1 sz

2

sy
2 1 sz

2
1 ETysy 2 ETzsz 2 2ETx

sx
2sysz

sy
2 1 sz

2
2 2E
Above, we presented equations for the refractive indi-
ces and the polarization directions of the two probe propa-
gation modes. In Subsection 2.C, these equations are
combined with the results of Subsection 2.B to form a
single equation that describes the signal obtained in
electro-optic detection. It is interesting to note that Eqs.
(20)–(24) are not linear with vector summation of two
terahertz electric fields. However, as is shown in Subsec-
tion 2.C, these nonlinearities cancel each other in the fi-
nal equation for the signal obtained in electro-optic detec-
tion.

B. Relationship between the Electro-Optic Signal and
the Terahertz-Induced Birefringence
In this subsection, we calculate the signal obtained in
electro-optic detection as a function of the difference be-

tween the refractive indices of the two propagation modes
and as a function of the polarization direction of the probe
beam. For now, the refractive indices and the polariza-
tion directions of the propagation modes, which are in-
duced by a terahertz electric field, are assumed to be
known. We consider an electro-optic detection setup, as
displayed in Fig. 1, consisting of a quarter-wave (l/4)
plate, a Wollaston prism, a differential detector, and an
electro-optic detection crystal. A linearly polarized, opti-
cal probe pulse experiences a polarization change in the
electro-optic detection crystal due to the refractive-index
difference and becomes slightly elliptical. After the de-
tection crystal, the probe beam travels through a l/4
plate. The l/4 plate is followed by a Wollaston prism,
which splits the probe beam into two beams, which are
polarized linearly and orthogonally to each other. An
electronic signal is then obtained by measuring the differ-
ence in the intensity of the two beams with two photo-
diodes.

z
2

1 ETysy 2 ETzsz

xsz 2 2ETzsxsy 2 2
DniA«r

x~2 !

G S Eiy8

Eiz8
D 5 S 0

0 D . (19)
1 s

sz
2

Tys
Fig. 1. General setup used in electro-optic detection. A probe
pulse, which is originally polarized linearly, travels through a de-
tection crystal and a l/4 plate, and is then split by a Wollaston
prism (WP). The difference in the intensities of the two beams
is measured with a differential detector, which, apart from the
electronics, consists of two photodiodes (D1 and D2).
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We use a geometry as defined in Fig. 2. In this picture,
Êp is the initial polarization direction of the probe, and
r̂w1 and r̂w2 are the polarization directions of the two
beams after the Wollaston prism. The polarization direc-
tions of the two propagation modes of the detection crys-
tal are labeled r̂c1 and r̂c2 , and the polarization directions
of the modes of the l/4 plate are labeled r̂l1 and r̂l2 . In
this subsection, we do not define in which coordinate sys-
tem the vectors are expressed. There is no need to do so,
because, as we see below, the results of this subsection de-
pend only on the relative angles between the different
vectors, and these angles do not change by rotations of the
coordinate system. The variables a, b, and g are defined
as, respectively, the angles between Êp and r̂c1 , between
Êp and r̂l1 , and between r̂l1 and r̂w1 .

The unit vector that corresponds to the initial polariza-
tion of the probe can be decomposed into the two propa-
gation modes of the electro-optic crystal as

Êp 5 ~ r̂c1 – Êp!r̂c1 1 ~ r̂c2 – Êp!r̂c2 . (25)

In the crystal, each propagation mode experiences a
phase change proportional to the refractive index of the
mode. After propagation through the electro-optic crys-
tal, the unit vector that points in the polarization direc-
tion of the probe is, in complex notation, given by

Êpc 5 exp~ivn1L/c !r̂c1~ r̂c1 – Êp!

1 exp~ivn2L/c !r̂c2~ r̂c2 – Êp!

5 exp~ivn1L/c !cos~a!r̂c1 2 exp~ivn2L/c !sin~a!r̂c2

5 exp~ivn1L/c !@cos~a!r̂c1

2 exp~ivDnL/c !sin~a!r̂c2#, (26)

Fig. 2. Relative orientation of the initial probe polarization Êp ,
the polarization of the two propagation modes of the detection
crystal r̂c1 and r̂c2 , the polarization of the two propagation
modes of the l/4 plate r̂l1 and r̂l2 , and the polarization directions
of the two beams after the Wollaston prism r̂w1 and r̂w2 . The
angle between Êp and r̂c1 is defined as a, the angle between Êp
and r̂l1 as b, and the angle between r̂l1 and r̂w1 as g. All vectors,
except ŝ, are in the plane of the paper. The propagation direc-
tion of the probe ŝ is perpendicular to the plane of the paper, and
points into the paper.
where v is the radial frequency of the probe beam, L is
the length of the crystal, n1 and n2 are the refractive in-
dices of the two propagation modes of the electro-optic
crystal, and c is the velocity of light in vacuum. The
refractive-index difference Dn is defined as n2 2 n1 . In
the above equation, the complex exponential factors cor-
respond to the phase changes of the electric fields of the
modes accumulated at the end of the crystal.

We use the approximation C [ uvDnL/cu ! 1,

Êpc . exp~ivn1L/c !@cos~a!r̂c1 2 ~1 1 iC !sin~a!r̂c2#.

(27)
We can use the same method to account for the propa-

gation through the l/4 plate as we used for the detection
crystal. We can again decompose the probe into the two
propagation modes and then propagate both modes
through the l/4 plate by applying the correct complex
phase factor. A l/4 plate is constructed such that the ef-
fective optical length for the two modes differ by a quarter
of a wavelength. This corresponds to a difference in
phase of 90°. The unit vector that points in the polariza-
tion direction of the probe beam after propagation
through the l/4 plate is thus given by

Êpl 5 r̂l1~ r̂l1 – Êpc! 1 i r̂l2~ r̂l2 – Êpc!

. exp~ivn1L/c !$r̂l1@cos~b 2 a!cos~a! 2 sin~b 2 a!

3 ~1 1 iC !sin~a!#

1 i r̂l2@2sin~b 2 a!cos~a!

2 cos~b 2 a!~1 1 iC !sin~a!#%

5 exp~ivn1L/c !$@cos~b!r̂l1 1 C cos~b 2 a!sin~a!r̂l2#

2 i@sin~b!r̂l2 1 C sin~b 2 a!sin~a!r̂l1#%, (28)

where the factor i takes into account the 90° phase differ-
ence. The polarization can be decomposed along the axes
of the Wollaston prism to get the intensities incident on
the two photodiodes:

I1 5
1

2
«0A«rcuÊpl – r̂w1u2

. Itot$cos2~b!cos2~g! 1 sin2~b!sin2~g!

1 2C sin~a!sin~g!cos~g!@cos~b!cos~b 2 a!

1 sin~b!sin~b 2 a!#%

5 Itot@cos2~b!cos2~g! 1 sin2~b!sin2~g!

1 C sin~2a!sin~2g!/2#, (29)

I2 5
1

2
«0A«rcuÊpl – r̂w2u2

. Itot@cos2~b!sin2~g! 1 sin2~b!cos2~g!

2 C sin~2a!sin~2g!/2#, (30)

where we neglect all terms of order C2, and where Itot

5 I1 1 I2 5
1
2«0A«rciÊpli2 is the total intensity of the

probe beam. The difference in the two intensities is
given by
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DI 5 I1 2 I2 . Itot@cos~2b!cos~2g!

1 C sin~2a!sin~2g!#. (31)

This equation dictates that, to reach the maximum detec-
tion sensitivity, the experimenter should orientate the
Wollaston prism relative to the quarter-wave plate in
such a way that cos(2g) 5 0. For this orientation, the
signal is maximized, and the common mode signal, which
is a source of noise in the detection, is zero. Note that,
when cos(2g) 5 0, the angle b is irrelevant. This means
that, as long as the Wollaston prism is oriented correctly
relative to the quarter-wave plate, the orientation rela-
tive to the initial probe beam polarization of the Wollas-
ton prism and of the quarter-wave plate does not influ-
ence the measurement.

There is an electro-optic detection scheme different
from the one we describe that does not use a quarter-wave
plate and a differential detector, but instead uses a pair of
crossed polarizers around the detection crystal and a
single detector. This setup is equivalent to ours, if we set
g 5 0 and b 5 p/4. If these values are substituted in
the previous equation, the term proportional to C van-
ishes. This means that the previously neglected term
proportional to C2 becomes dominant. The terahertz
electric field is proportional to C, so with crossed polariz-
ers, a signal is obtained that is proportional to the ET

2 ,
leading to relatively small signals and loss of the knowl-
edge of the sign of the terahertz electric field.

If we consider the most efficient configuration by set-
ting g 5 45° and fill in the definition of C, we get the fol-
lowing expression for the signal obtained in electro-optic
detection:

DI

Itot
. sin~2a!

vDnL

c
. (32)

So in electro-optic detection, the signal is linear with
the terahertz-induced refractive-index difference. The
signal is zero if the polarization direction of the probe is
parallel to the polarization of one of the propagation
modes of the crystal @sin(2a) 5 0#. This is easy to under-
stand. If the polarization direction of the probe is paral-
lel to the polarization of one of the propagation modes,
then the probe experiences only one refractive index. In
this case, the probe remains linearly polarized, and the
electro-optic signal is zero. It should be noted that the
polarization of the propagation modes depends on the di-
rection of the applied terahertz electric field. This means
that, in addition to Dn, a also depends on the terahertz
electric field.

C. Calculation of the Terahertz-Induced Electro-Optic
Signal
The results of the previous subsection are inserted into
the results of Subsection 2.A to find an expression for the
electro-optic signal (DI/Itot) as a function of the amplitude
and direction of the terahertz electric field. To calculate
the electro-optic signal with Eq. (32), we first write the
initial polarization direction of the probe beam in the new
coordinate system (Êp8) as
Êp8 [ S 0
cos~d!

sin~d!
D , (33)

where we use that the probe beam is initially polarized
linearly and that its polarization direction is perpendicu-
lar to its propagation direction. According to the above
definition, d is the angle between the initial polarization
direction of the probe and the ŷ8 vector. With the trans-
formation matrix of Eq. (14), we get the initial, probe po-
larization vector in the coordinate system formed by the
crystal axes,

Êp 5
1

Asy
2 1 sz

2 S sin~d!~sy
2 1 sz

2!

2sz cos~d! 2 sxsy sin~d!

sy cos~d! 2 sxsz sin~d!
D . (34)

As we shall see, the sine and cosine of 2d determine for
which direction of the terahertz electric field the setup is
sensitive. For a given polarization of the probe, the sine
and cosine of 2d can be calculated with the following
equations:

sin~2d! 5
2Epx~Epysz 2 Epzsy!

sy
2 1 sz

2
, (35)

cos~2d! 5
~Epysz 2 Epzsy!2 2 Epx

2

sy
2 1 sz

2
, (36)

where Epx , Epy , and Epz are the components of the unit
vector in the direction of the probe’s electric field with re-
spect to the crystal axes. When using the previous equa-
tions, one has to take into account that the components of
Êp and ŝ are not completely independent, since the two
vectors have to be perpendicular to each other.

We now rewrite Eq. (32) using Dn [ Dn2 2 Dn1 , and
Eqs. (20), (21), and (8), as

DI

Itot
. sin~2a!

vDnL

c

5
2vx~2 !L

cA«r

Ab2 1 c~Êp8 – r̂c18 !@ ŝ8 • ~Êp8 3 r̂c18 !#

5
2vx~2 !L

cA«r

Ab2 1 c~Êp8 – E018 !

3 @ ŝ8 • ~Êp8 3 E018 !#/iE018 i2. (37)

In the previous equation, we use the following goniometri-
cal equations:

sin~a! 5 ŝ8 • ~Êp8 3 r̂c18 !, (38)

cos~a! 5 Êp8 – r̂c18 . (39)

The only physical knowledge used in these equations is
that a is the angle between the unit vectors Êp8 and r̂c18 ,
and both these vectors are perpendicular to probe propa-
gation direction ŝ8.

Equation (37) is valid in each coordinate system. How-
ever, the equation is used in the new coordinate system
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because in Subsection 2.A, we obtained an expression for
E018 that is in this coordinate system.

After inserting Eqs. (24) and (33) into Eq. (37) and
some calculation, we get

DI

Itot
5 2

vx~2 !L

cA«r F sin~2d!S ETx

ETy

ETz

D • S sysz

sz
2 1 sy

2 2 2

sy
2 1 sz

2

sxsz

sxsy

D
1 cos~2d!S ETx

ETy

ETz

D • S sx

2 sz
2 1 sy

2

sy
2 1 sz

2

2sy

sz

D G , (40)

which we can rewrite as

DI

Itot
5

vn3r41L

c
@sin~2d!~ET – S1! 1 cos~2d!~ET – S2!#,

(41)

with

S1 5 S sysz

sz
2 1 sy

2 2 2

sy
2 1 sz

2
, sxsz , sxsyD , (42)

S2 5 S sx

2 sz
2 1 sy

2

sy
2 1 sz

2
, 2sy , szD , (43)

using n 5 A«r and r41 5 2x (2)/«r
2.17,19

With these equations, the electro-optic signal can be
calculated for arbitrary propagation and polarization di-
rections of the probe and for arbitrary terahertz electric
field direction. All quantities in these equations are ex-
pressed in the coordinate system formed by the crystallo-
graphic axes of the crystal, which makes the usage of the
equations very straightforward.

Further insight is gained if Eq. (41) is rewritten as

DI

Itot
5

vn3r41L

c
~ET – V!, (44)

with

V [ sin~2d!S1 1 cos~2d!S2 , (45)

where all the information about the orientation of the
probe propagation and polarization is concentrated in a
single vector V. The size of the electro-optic signal is
simply proportional to the size of the component of the
terahertz electric field in the direction of V times the
length of the vector V. Once a propagation direction has
been chosen for the probe beam, an experimenter still has
the freedom to select the probe polarization direction,
which determines d. By the selection of d, both size and
direction of V can be manipulated. In a lot of experi-
ments, the propagation direction is kept constant, while
the signal is maximized by rotating the crystal. In this
process, the crystal is rotated to change d such that the
component of V in the direction of ET is maximized. Dur-
ing the rotation of the crystal, S1 and S2 do not change,
because the crystal is rotated around the propagation di-
rection of the probe.
It is interesting to note, if d is changed from 0 to p in
Eq. (45), the vector V describes an ellipse in three-
dimensional space. An ellipse is fully described if the
two semiaxes are known. To find these semiaxes, we cal-
culated the extremes of the length of V as a function of d
for an arbitrary propagation direction of the probe with
Eq. (45). The values of d for which the length of V has an
extreme are given by

tan~4dex! 5
2~S1 – S2!

iS2i2 2 iS1i2
. (46)

Once the values for dex are known, then these values can
be substituted in Eq. (45) to obtain the semiaxes. This is
done in the following section for a variety of different
probe propagation directions.

In Eq. (41), all square-root terms, which were present
in the expressions for the refractive indices and for the
polarization direction of the propagation modes [Eqs. (20)
to (24)], have vanished. This means that the electro-
optic signal is linear with the terahertz electric field for
every direction of probe propagation. The signal is even
linear in the strict mathematical sense in that, not only
the signal increases linearly with the size of the terahertz
electric field, but also that signal caused by the sum of
two arbitrary terahertz electric field vectors equals the
sum of the signals caused by the two vectors. This is not
trivial, since the two terahertz electric field vectors do not
have to point in the same direction. In essence, this
means that we cannot increase or decrease the sensitivity
for terahertz electric fields in one direction by applying an
additional electric field in the another direction.

3. DISCUSSION
In this section, the results of Section 2 are used to calcu-
late the sensitivity of the electro-optic detection setup for
different propagation directions of the probe beam. From
Eq. (44), we can see that there are two aspects that are
important for the sensitivity to a terahertz electric field.
These aspects are the length of the vector V and the angle
between V and the terahertz electric field vector. In or-
der to gain insight in the detection sensitivity, we sepa-
rate these aspects and first look at the orientation depen-
dence of V. V depends on both the probe polarization
and the probe propagation direction. As discussed in
Section 2, the possible values of V for a particular probe
propagation direction form an ellipse. In this section, we
focus on calculating the semiaxes of the ellipse for differ-
ent propagation directions because the ellipse is fully de-
scribed by its semiaxes. The semiaxes are, by definition,
the values of V for which the length of V as a function of
the probe polarization direction has an extreme.

We thus investigate the sensitivity for different probe
propagation directions by calculating a minimum and a
maximum value of V. We consider three common propa-
gation directions (^110&, ^111&, and ^010&), and one ran-
domly chosen direction, namely, ^345&. For each of these
propagation directions, Table 1 shows the components of
the unit vector in the propagation direction (sx , sy , and
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Table 1. Calculation Results for Different Propagation Directions of the Probe Beama

variable ^110& ^111& ^010& ^345&

sx 1/A2 1/A3 0 3
10 A2

sy 1/A2 1/A3 1 2
5 A2

sz 0 1/A3 0 1
2 A2

dmax (degrees) 0 ¯ 0 4.3

uVminu 1
2

1
3 A6 0 0.69

Vmin /uVminu (0, 0, 1) (2
1
3 A6, 1

6 A6, 1
6 A6) ¯ (20.81, 0.55, 0.19)

uVmaxu 1 1
3 A6 1 0.91

Vmax /uVmaxu S 1

A2
, 2

1

A2
, 0D S 0, 2

1

A2
,

1

A2
D (0, 1, 0) (20.19, 20.56, 0.80)

Êp,max (0, 0, 1) S0, 2
1

A2
,

1

A2
D (0, 0, 1) (0.07, 20.80, 0.60)

a The presented parameters are the components of the unit vector in the propagation direction of the probe (sx , sy , sz) and the size and direction of the
maximum and minimum of the vector V. The table also shows the value of d for which the V reaches its maximum and the corresponding direction of the
probe polarization. For the ^111&, the length of V is constant, and thus has no minima and maxima. Therefore for this direction, we show the S1 instead
of Vmax , S2 instead of Vmin , and the polarization for d 5 0 instead of Êp,max .
sz), along with information about a maximum and a mini-
mum length of V. For one maximum, Table 1 shows the
direction of the probe polarization, the corresponding
value of d, the length of the vector V, and a unit vector in
the direction of V. For one minimum, the table gives the
length of the vector V, and a unit vector in the direction of
V. The direction of the probe polarization and the value
of d are not given for the minimum, since these values are
trivial once the values for the maximum are presented.
As was discussed in the previous section, the polarization
at the minimum is just the polarization at the maximum
rotated 45° around the probe propagation direction. This
rotation corresponds to an increase of d with p/4.

The contents of Table 1 were calculated as follows.
First, the vector in the propagation direction is normal-
ized to the unit vector ŝ 5 (sx , sy , sz). Second, these
value for sx , sy , and sz are substituted into Eqs. (42) and
(43) to obtain S1 and S2 . Third, the values of d for which
V reaches a minimum or a maximum are calculated by
substitution of S1 and S2 into Eq. (46). Fourth, the val-
ues for dex are used to calculated the extrema of V with
Eq. (45), and, finally, the same values for dex are substi-
tuted into Eq. (34) to obtain the probe polarization at the
extremes. We note that the extremes of the signal
(DI/Itot) can be calculated straightforwardly from the ex-
tremes of V with Eq. (44).

For a ^110& direction of the probe, one of the maxima of
V is located at d 5 0, which is directed along the (1/A2,
2 1/A2, 0) direction of the crystal. This means that the

electro-optic signal is linear with the component of the
terahertz electric field in the ^11̄0& direction, if d is set at
0°. The situation that d 5 0 corresponds to a probe po-
larization that is oriented along the z axis of the crystal.
However, if d is set at 45°, then the length of V has a mini-
mum, and the signal is proportional to the component of
the terahertz electric field in the ^001& direction. The dif-
ference between the minimum length of V and its maxi-
mum length is a factor of 2. This means that, if we com-
pare the case that the probe polarization is oriented for
the maximum with the case that it is oriented for the
minimum, while in both cases the terahertz electric field
is aligned with V, the signal obtained at the maximum is
twice the signal at the minimum.

For most applications, it is favorable to make the sen-
sitivity as large as possible. For a ^110& probe propaga-
tion direction, this is achieved when d 5 0°. This corre-
sponds to a setup in which the probe polarization
direction is ^001& or an equivalent direction (5 ^001̄&,
^11̄0&, or ^1̄10&), and in which the terahertz electric field
direction is ^11̄0& (or the equivalent ^1̄10&). The results
for the ^110& probe propagation direction are in agreement
with the results in previous work.14–16

The vector S1 and S2 are equal in length and perpen-
dicular to each other when the probe beam propagates
along the ^111& direction. This means that the ellipse
that describes the orientation dependence of V is in fact, a
circle, and that the extremes of V are not defined. For
the ^111& propagation direction, the length of V is inde-
pendent of the orientation of the probe polarization. The
polarization direction only determines the direction of V,
and thus to which component of the terahertz electric
field the setup is sensitive. This can be an advantage for
some applications, but the sensitivity is a factor 1

2 A6
. 1.22 lower compared with the case of the ^110& probe
propagation direction. The results for the ^111& probe
propagation direction are in agreement with the results of
Ref. 16.
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For a ^010& propagation direction, the vector S1 equals
zero, so the ellipse of V for this direction is a line. The
length of S2 is 1 for the ^010& propagation direction, so V
can be just as large as for the ^110& propagation direction.
However, while for the ^110& propagation direction, V is
directed perpendicular to the propagation direction, for
the ^010& direction, V is parallel to the propagation direc-
tion. In the common case that the probe beam and the
terahertz beam propagate in the same direction, then for
the ^010& direction the setup is sensitive only to longitu-
dinal electric fields, while for the ^110& propagation direc-
tion, it is sensitive only to transverse terahertz electric
fields. This makes the ^110& propagation direction well
suited for transversal-wave detection, while the ^010& can
be used for longitudinal-wave detection.8

To illustrate the general applicability of our theory, the
last column of Table 1 shows the parameters for the more
unusual ^345& propagation direction. Although this di-
rection is randomly chosen, the calculations stay just as
simple. Uncommon propagation directions, such as
^345&, are certainly not irrelevant. The angle between
the ^111& and the ^345& direction is only 11.5°. If we take
into account that a focused beam is a sum of plane waves
that have different propagation directions, then it is not
difficult to imagine that a focused probe beam with its op-

Fig. 3. (a) Values that can be obtained for the lengths of V and
V' as a function of the probe propagation direction. (b) The path
followed for the propagation direction displayed on the horizontal
axis of graph (a).
tical axis along the ^111& direction can have spatial com-
ponents in the ^345& direction.

The top picture of Fig. 3 shows the values that the
length of V can have, as functions of the propagation di-
rection of the probe. The propagation direction on the
horizontal axis follows a path that begins at the ^010& di-
rection to the ^001& direction via the ^110& direction. This
path is indicated visually in Fig. 3(b). As can be seen in
the top graph, the lengths of the vectors strongly depend
on the probe propagation direction but do not exceed 1.

We discussed the effect of the orientation of the probe
on the electro-optic signal above. Here, the second aspect
that is important to the sensitivity, the orientation of the
terahertz electric field, is considered. In most applica-
tions, the terahertz beam propagates in the same direc-
tion as the probe beam. This means that the terahertz
electric field is perpendicular to the probe propagation di-
rection ŝ. The orientation of the terahertz electric field
relative to the crystal axes can still be changed by rotat-
ing the crystal around the propagation direction, but this
does not change the fact that the terahertz electric field is
perpendicular to the propagation direction. For such
cases, the possible sensitivity is proportional to the part of
V that is also perpendicular to the propagation direction.
This part can be written as

V' 5 V 2 ŝ~ ŝ – V! (47)

5 sin~2d!@S1 2 ŝ~ ŝ – S1!# 1 cos~2d!@S2 2 ŝ~ ŝ – S2!#.

(48)

Note, that, if the three-dimensional position of V' is
tracked for different values of d, then these positions
again lie on an ellipse, just like V. The ellipse formed by
V' is actually the projection of the ellipse of V on the
plane perpendicular to the propagation direction.

The values that the length of V' can have are also dis-
played in Fig. 3. We see that the largest value for the
length of V' is found for the ^110& propagation direction.
This means this is the propagation direction for which the
detection is the most sensitive to transversal electric
fields of all the directions of the path indicated in Fig.
3(a). It should be noted that this direction is not very
critical, since a reasonable detection sensitivity is possible
for a whole range of propagation directions. For ex-
ample, the ^111& propagation direction has a sensitivity
that is only ;20% less sensitive than the ^110& direction.
In Fig. 3 it also can be seen that the regions of V and V'

are practically the same over a wide range of propagation
directions. For those directions, the ellipse of V lies ap-
proximately in the plane perpendicular to the propaga-
tion direction. Only for directions that approach one of
the crystallographic axes does V rotate toward the propa-
gation direction, which leads to a decrease of V' .

4. CONCLUSION
We have derived a simple, easy to use, and widely appli-
cable set of equations that completely describes electro-
optic detection of terahertz radiation in optically isotropic
crystals. These results have been derived as follows.
First, we have described the birefringence that terahertz
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electric fields induce in optically isotropic crystals. Sec-
ond, an expression is found that relates the signal ob-
tained in the common detection configuration with an ar-
bitrary birefringence of the detection crystal. From this
expression, the optimum configuration for the Wollaston
prism and the quarter-wave plate is derived, which, sur-
prisingly, does not depend on the orientation of either the
probe beam or the terahertz electric field. Finally, the
analysis is completed by obtaining the relation between
the signal and the terahertz electric field for arbitrary
propagation and polarization directions of the probe beam
and for arbitrary directions of the terahertz electric field.
In the discussion of our results, they are applied to vari-
ous propagation directions for the probe beam. These ex-
amples show how easy it is to use our expression and
these examples give results that agree perfectly with pre-
viously reported work.
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